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Abstract:

Many specialists in the field of algebra have highlighted many results
related to the I'-ring, in our work we will present the concept of
orthogonality on I'- rings. Let M be a semiprime I'-ring, t = (t;);ey and
s = (s;);enare two higher triple centralizers of M, then t and s called
orthogonal if for eveyx,y € M,n € N,we have t,(x)[MI's,(y) =
(0) =s,(y)I'MTIt,(x). Also, in this paper we prove some of lemmas
and theorem about orthogonally of the two higher triple centralizers t and
s, one of these theorems is: Let

t = (t;)iey and s = (5;);ey are two higher triple  centralizers of M.
If t,(x)I's,(y) =(0) or s,(x)I't,(y)=(0) where t, and s, are
commutating mapping. Then t,, and s,, are orthogonal.

Keywords: Semiprime gamma ring, Higher centralizer, Higher triple
centralizer, orthogonal, highr triple centralizer.
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1. Introduction

The orthogonal derivation on [1-rings was presented by Ozturk and
Sapanci (1997). The centralizer on I'-ring M defind by Hoque and Paul
(2011), as an additive mapping T from M to M such that T(aab) = T(a)ab
(T(aab) = aaT(b)) for all a, beM and ael'. Jarullah and Salih (2020) gave
concepts orthognal higher reverse left (right) centralizers of semi-prime
rings and they proved some of lemmas and theorems about orthogonally.
The concept of higher tripe left (resp. right) centralizerof [1-rings
introduced by lbraheem and Salih (2021). In thi$ paper, we define and
study orthogonality of a higher tripele centralizers for semiprime [1-rings,
and prove some theorems about it. We consider a higher triple centralize
of a [J-ring M is a higher triple left and right centralizer, and M is a 2-
torsion free semiprime I'-ring.

2. Results
Lemma 2.1: [1]

Let x, y belong to M, then the statements below are equivalent:

(i) x/mI'y =0, forallm € M.

(i) yC'mI’x =0, forallm € M.

(ijl) xI'm/y+y/MI’x=0,m € M.

If one of these conditions is realize fulfilled, then x/y =y/x =0.
Lemma 2.2 : [5]

For X,y eM if xI'mlly + y[Imllx = o, for every m[IM. Then x[1m[ly =
ylm[Xx = 0.

Definition 2.3:

Let t = (t;),ey and s = (s;);¢y be higher triple centralizers of I'-ring
M, then t and s called orthogonal if for eveyx,y € M,n € N, we
have t,(x)I'M75,(y) = (0) = s, (y)IM7t,(x)

Where t,(x)TMIs,(y) = Y7, t;(x)omBs;(y) , for every m € M and
0,0 €rl.
Example 2.4:

0 x vy
Let M ={<0 0 z):x,y,z EZ} be a TI-ring where I =
0 0 O

0 n O
{(0 0 O):n EZ}. Define t = (t;)iey and s = (s;);ey two higher
0 0 O

0 x vy 0 n?x 0
triple centralizers of M such that¢t,{{0 0 z] |=(0 0 0}
0 0 O 0O 0 O
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0 x vy 0O 0 O 0 x vy
and Sn (0 0 z) = (0 0 O), for all (0 0 z)e
0 0 0 0 n’y 0 00 0

M,and n € N. Then t,, and s,, orthogonal.
Lemma 2.5:

Lett = (t;);eny and s = (s;);en be two higher triple centralizers of M.
If t, (%)M, (x) = (0), foreveryn € N,and x € M,
then t,,(x)IMT75s,(y) = (0), x,y € M.

Proof:
Suppose that, t,,(x)IM s, (x) = (0), that is

rtiti(x)ombs;(x) =0 ,forallx, me Mand 0,0 €T (1)
Commute x by x+y in (1), we get

I ti(x + y)omBs;(x +y) =0,

Liti(x)ombs;(x) + £ (x)ombs; (y) + ti('y)amesi (x) +
t;(y)om0s;(y) =0
By above assumption and lemma 2.2, we get
2 ti(x)ombs;(y) =0, forall x,y,m € Mand 0,0 €T.

Then, Y7, t;(x)ombs;(y) = 0,
So, tu(x)IMI5,(y) = (0).
Lemma 2.6:

Let t = (t;);ey ands = (s;);eny onto higher triple centralizers of M.
Then ¢,(x)I's, () + s,(£)1t,(y) = (0), for all x,y € M, iff tands
are orthogonal.

Proof:
Let, t,(x)I5,(y) + s,(x)It,(y) = 0), thatis
iz ti(x)osi(y) + Xisy si(x)ati(y) = 0.
Change x by xaz6m ,
n t(x0z0m) 0 5;() + X7y 5;(x026m) 0 t;(y) = 0,

iz ti(x)at;_1(2)0t;_1(m) os;(y) +

risi(x)os;_1(z)0s;_1(m) ot;(y) =0, for all x,y,z,me M and
0,0 €T.
By lemma 2.2, we get t,,(x)IM75s,(y) = s,(x)IMIt,(y) = (0),
Then, t and s are orthogonal.
Contrariwise,
ta () IMI5,(y) = (0) = s, (y) I M1t (x), that's

riti(x)ombs;(y) =0, and Y1 s;(y)omOt;(x) =0, for all
x,y EMand 0,0 €T.
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So by lemma 2.1, we have Y%, t;(x)os;(y) =0,and
i= 1Sl(x)0-t (y) =0
Hence, XL, ti(x)as;(y) + XiLy si(x)ot; () = 0,
Then, t,(X) 73, () + s, (2)I't, () = (0).
Theorem 2.7:
If t = (t;))iey and s = (s;);en are two higher triple centralizers of M,
such that tand s are commutng, then
I) t,, and s,, are orthogonal.
I t,s, =0
1) s,t, = 0, and
IV) t,s, + spt, =0, are equivalent for every n € N.
Proof:
| 11
Let t, and s, are orthogonal, then
n(x)n\/lf 52.(y) = (0) = s, (W I M1, (x),
l G(x)ombs;(y) =0 = Z . Si(y)om8 t;(x), V x,y € M and
0,0 €T.
Take Yieisi()eombt;(£) =0,
6 (si(y)omb ti(x)) = 0,
isi ti(si())oti— (M) t;_, (t:(x)) = 0,
Replace t;_, (t;(x)) by ¢t;(s;(y)), we have
ritisiy)ati_ (m)B ti(s;(y)) =0,forallyyme Mand 0,0 €T
Since M is semiprime, we get
Lo ti(si(») =0,forally e M
Then, for all n € N we get, t,s,, = 0.
Conversely,
Lett,s, =0,foralln e N
tn(sn(yoméx)) = 0,
riti(si(y)osi_1(m)Bs;_1(x)) =0, for allx,y,m € M and 07,0 €T,
i=1 ti(si(Y))U ti—f(51—1(m))9 t1—1(5i—’1(x)) =0
Replace s;(y) by x and t;_,(s;-1(x)) by s;(y), we get
it (00 ti_r(s;_,(m)) 0s;(») =0 ... (1)
Since t, and s, are commuting, we have
Yiz1 Si(¥)o si_{(t;i-1(M)Ot;(x) =0 ... (2)
From eg.1 and eq. 2, we get the result.
Proof:
| < Il We get it, similarly | < II.
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Proof:
| IV
Let t,, and s, be orthogonal, then
from II, we have t,;s, ="0,
and by 11, we have s,t, =0, So, t,s, + s,t, = 0.
Conversely,
suppose that t,,s,, + s,t, = 0,
(t,Sp + Spty)(yomOx) = 0,forallx,y,m e M,0,0 €T
t,(sp(yombx)) + s, (t,(yombx)) =0,
i=1 ti(si ) osi_1(M)0s;_; (X)) + Xi=q 5i(t; (V) otz (M)0t;_1 (X)) =
0,
i=1 ti(si ) oti—1 (5i-1(M)Ot;_1 (5;-1(x)) +
i=1 Si(t; ()0 si_1(6i=1(M))Os;_1 (£;_1(x)) = 0, for all X, y, m eM,
neN,o,0 €T
Replace s;(y) by x and t;(y) by y, we get
izg ti()oti_1(5i-1(M))0t;_1 (5;i—1 (X)) +
i=1 Si(¥)os;i—1 (ti—1(M))0s;_1 (t;—1(x)) = 0,
Replace ¢;_1 ( si(x) by s;(y) and 's;_y(¥;_1(x) by t;(x), we get
?:1 ti(x)ot;_1(si—1(M)0 s;(y) + Z?zl si(y)os;_, (k_1(m))0 t;(x) =
0 .
By lemma 2.2, prove the require result.

Theorem 2.8:
Let t = (£;)iey and s = (s;);ey are higher triple centralizers of M. If
tn ()T's, (y) = (0) or

s, (x)T't,(y) =(0) where t, and s,, are commutating mapping, then t,,
and s,, are orthogonal.
Proof:
Let t,,(x)Ts,(y) = (0), then for all X, yeM, o € T'and neN
ic1 ti(x)o s;(y) =0
Replace x by xoy6z
i=1 ti(xBy0z)as(y) = 0,
=1 tl(x)ﬂ ti—1(y)0t;_1(2)o s;(y) =0,
Replace t;_,(y)0t;,_1(z) by t;_;(m) we have
i=1 ti(0)B ti—1(m)o s;(y) = 0, 1)
Since t,, and s,, are commutating, we get
Lisip tiq(m)ati(x) =0, for all y, mxyy €M and o,f €T
(2)

Then, by (1) and (2) we have t,, and s,, are orthogonal.
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Theorem 2.9:
Let t, , s, onto higher centralizers of a 2-torsion free T-ring M.
If t,()lt,(x) = s,(x)Ts,(x), then t,, + s, and t,, — s,, are orthogonal.
Proof:
Since t,(x)It,(x) = s, (x)Ts, (x),
we getforeveryx e Mand o €T
((tn + Sn)o_(tn - Sn) + (tn - Sn)o_(tn + Sn))(x) =
et + 5ot —s)x) + (& —s))a(t; +5)(x) =
L (600 + 5:(0)a (600 — 5:(0) + (6:(x) — $:(0) o (t:(x0) + 5,(x)) =
i1 ti()at (x) — t;()os;(x) + 5;()at;(x) — s;(x)as;(x) + t;(x)at; (x) +
t;(0)as;(x) — s;(V)at;(x) — 5 ()05, (%) =
207 ti(x)at;(x) — s;(x)as;(x))= 0, since M is 2-torsion free I'-ring , and by
assumption.
That’s,
(t, +sp)o(t, —sp,) + (t, —sp)o(t, +s,) =0
So, by theorem 2.7 (iv), we prove that (t,, + s,,) and (t,, — s,,) are orthogonal.
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